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For a moving atom, the spontaneous emission rate is modified due to the contributions from two
factors, the Ro¨ntgen interaction term and the recoil effect induced by the emitted photon. Here
we investigate the emission rate of a uniformly moving atom near a perfectly conducting plate
and obtain the corrections induced by these two factors. We find that the corrections individually
induced by the Ro¨ntgen term and the recoil effect can be simply added and result in the total
correction to the decay rate. Moreover, it is shown that the Ro¨ntgen term gives positive correction,
while the recoil effect induces negative correction. Our work paves the way towards the future
studies of the light-matter interaction for the moving particle in quantum optics.
The spontaneous emission of an atom is of the funda-
mental importance in atomic physics and quantum optics
[1]. Such a quantum process has been studied extensively
with atoms in various physical systems, including cavity
[2, 3], photonic crystal [4, 5], and metamaterial [6]. How-
ever, the atom in most of previous investigations is usu-
ally treated to be stationary or fixed. Under this treat-
ment, the conservation of momentum in the process of
emitting or absorbing photon by the atom is neglected.
In order to describe the spontaneous emission accurately,
one should take the motion of atom into account.
For the spontaneous decay from an atom involving
nonrelativistic motion, one needs to consider two addi-
tional factors. One is the Ro¨ntgen interaction term [7–
10], which describes the coupling between the motion of
the atom, the electric dipole moment, and the magnetic
component of the radiation field. The inclusion of the
Ro¨ntgen interaction term can successfully overcome the
violation of the gauge invariance of radiation-reduced me-
chanical forces and the energy-momentum conservation
from the atom-field Hamiltonian under the dipole ap-
proximation [7]. The other one is the recoil shift [11],
induced by the radiation of the photon which modifies
the momentum and energy of the atom. It makes the
atom no longer resonant with the emitted photon, which,
on the other hand, is the case for the stationary atom.
Actually, the recoil shift is an addition to the Doppler
shift and has been measured at the order of kHz with
the saturated absorption spectroscopy [12].
In this paper, we study the spontaneous decay of a uni-
formly moving atom near a perfectly conducting plate as
a boundary, where corrections from both the Ro¨ntgen
term and the recoil shift are introduced. We find that
the total correction of the spontaneous emission rate in
this system is equivalent to the summation of corrections
induced by involving the Ro¨ntgen term and the recoil
shift separately. Moreover, the Ro¨ntgen term brings pos-
itive correction, while the recoil gives the negative cor-
rection. We discuss decay rates for such moving atom
with dipoles at different directions. Our work reveals
spontaneous emission details of the moving atom near
the boundary, and therefore provides important insights
into understanding this piece of the physical nature in
quantum optics.
We start with considering a two-level atom with tran-
sition frequency ω0 and massm moving near an infinitely
perfectly conducting plate located at z = 0 (see Fig. 1).
The total Hamiltonian of our system under nonrelativis-
tic condition can be described by H = H0 +HI , where
H0 gives the atomic centre-of-mass kinetic energy:
H0 =
Pˆ
2
2m
+ ω0σˆ
+σˆ− +
∑
kλ
ωkaˆ
†
kλaˆkλ. (1)
Here Pˆ denotes the canonical momentum and σˆ+ = |e〉〈g|
(σˆ− = |g〉〈e|) is the raising (lowering) operator for the
atomic transition. The last term in Eq. (1) describes the
quantized electromagnetic field with the creation oper-
ators aˆ†
kλ and annihilation operators aˆkλ for a photon
with the wave vector k, the frequency ωk, and the po-
larization λ = 1, 2. We use the natural units ~ = c = 1
throughout the text for the simplicity. The atom-field
interaction Hamiltonian HI is given by [8, 10]
HI = −dˆ ·Eˆ(r)−
1
2m
{Pˆ · [Bˆ(r)× dˆ]+[Bˆ(r)× dˆ] ·Pˆ}, (2)
where dˆ = d(σˆ++σˆ−) denotes the atomic dipole operator
with dipole transition moment d, and Eˆ(r), Bˆ(r) are the
electric field and magnetic field operators at the position
r of the atom, respectively. The interaction described by
Eq. (2) includes the Ro¨ntgen term which results from the
motion of the atom, i.e., the second term.
In the interaction picture, the effective interaction
Hamiltonian can be written as
HI(t) =− (σˆ
+eiω0t + σˆ−e−iω0t)
{
d · Eˆ(r, t)
+
1
2m
{Pˆ · [Bˆ(r, t)× d] + [Bˆ(r, t)× d] · Pˆ}
}
.
(3)
2FIG. 1. Schematic illustration for a two-level atom moving
at a constant velocity v parallel to an infinitely perfectly con-
ducting plate.
In the presence of the infinite perfectly conducting
plate placed at z = 0, the mode functions of vector po-
tential A can be written as [1]
(Akλ)x = i
εk
ωk
(ekλ)xe
ik‖r−iωkt sin(kzz),
(Akλ)y = i
εk
ωk
(ekλ)ye
ik‖r−iωkt sin(kzz),
(Akλ)z =
εk
ωk
(ekλ)ze
ik‖r−iωkt cos(kzz), (4)
where εk =
√
ωk/(ε0V ), ε0 is the permittivity of vacuum,
V is the quantization volume, ek1 = i(−ky/k‖, kx/k‖, 0),
ek2 = [−kxkz/(k‖ωk),−kykz/(k‖ωk), k‖/ωk], and k‖ =
(kx, ky, 0) with k‖ =
√
k2x + k
2
y. It can be verified that
the mode functions in Eq. (4) satisfy the boundary condi-
tion, the orthogonality condition, and the Coulomb gauge
condition. Thus we obtain the negative-frequency com-
ponents of the electric field and magnetic field operators
Eˆ−i (r, t) = −i
∑
kλ
ωk(Akλ)
∗
i aˆ
†
kλ,
Bˆ−x (r, t) = −i
∑
kλ
εk(h× ekλ)
∗
xe
−ik‖r+iωkt cos(kzz)aˆ
†
kλ,
Bˆ−y (r, t) = −i
∑
kλ
εk(h× ekλ)
∗
ye
−ik‖r+iωkt cos(kzz)aˆ
†
kλ,
Bˆ−z (r, t) = −
∑
kλ
εk(h× ekλ)
∗
ze
−ik‖r+iωkt sin(kzz)aˆ
†
kλ.
(5)
Here h = k/ωk is the unit vector of wave vector. The
positive-frequency components are the Hermitian con-
jugate of the corresponding negative-frequency compo-
nents.
We consider initially the atom prepared at the excited
state, and moving with the canonical momentum state
|p〉, while the field is in vacuum state. Therefore, we can
write the initial state of the system as |i〉 = |e,p, 0〉. Due
to the term σˆ−aˆ†
kλ in the interaction Hamiltonian, the
state of the moving atom evolves into its ground state by
emitting a photon, which gives the final state of the sys-
tem |f〉 = |g,p− k, 1k〉. The derivative of the probabil-
ity of the transition under the first-order approximation
gives the spontaneous decay rate of the atom:
Γ = ∂t
∑
kλ
|
∫ t
0
dt′〈f |HI(t
′)|i〉 |2
= 2Re
∑
kλ
∫ t
0
dt′〈i|HI(t)|f〉〈f |HI(t
′)|i〉. (6)
In order to calculate the decay rate, we consider the
case that the atom moves parallel to the plate, i.e.,
p = (p, 0, 0). If we choose the dipole transition moment
d = (0, 0, d), which exhibits the direction normal to the
boundary, there is the equality: 〈f |Pˆ · [Bˆ(r, t) × d] +
[Bˆ(r, t) × d] · Pˆ|i〉 = d〈f |2Bˆ−y p − i∂xBˆ
−
y + i∂yBˆ
−
x |i〉 =
d〈f |(2p− kx)Bˆ
−
y + kyBˆ
−
x |i〉. Here the formula [Pˆi, Bˆj] =
−i∂iBˆj is used. We then rewrite Eq. (6) to be
Γ = 2pid2
∑
kλ
ε2kF
(1)
λ (ωk)δ(ω0−ωk+ kxv) cos
2(kzz), (7)
where F
(1)
λ (ωk) = |(ekλ)z +(p− hxωk/2)(h× ekλ)y/m+
hyωk(h× ekλ)x/(2m)|
2 and v(≪ 1) is the velocity of the
atom. In the derivation, we have used the relation x = vt
and the Markov approximation.
For our atom with the nonrelativistic motion velocity
v, conservations of momentum and energy give [13]
k+∆p = 0,
∆Ea +∆p · v+ ωk = 0, (8)
where ∆Ea = −ω0 is the change of the atom’s s internal
energy and ∆p ·v = −k ·v = −kxv describes the change
of the atom’s kinetic energy (p − k)2/2m − p2/2m =
−(phxωk − ω
2
k
/2)/m. Here phxωk/m and ω
2
k
/(2m) de-
notes the the Doppler shift and the recoil shift [10, 11],
respectively. The δ-function in Eq. (7) reflects the conser-
vation of energy, which is expected from Fermi’s golden
rule. Here the quantity v is not equal to p/m as a conse-
quence of the difference between the kinetic momentum
mdrˆ/dt and the canonical momentum Pˆ [8].
We now perform the continuum limit, i.e., V → ∞,
and obtain
Γ =
d2
(2pi)2ε0
∑
λ
∫
dΩ
ω3+F
(1)
λ (ω+)
G(ω+)
cos2(hzzω+), (9)
where dΩ is the solid angle, ω+ = hxp − m +√
(m− hxp)
2
+ 2ω0m is the positive root of the equality
ω0−ωk+kxv = 0, and G(ω+) = ∂ωk |ω0−ωk+kxv|ω+ =
1+(ω+−phx)/m. We assume the atom is heavy enough,
i.e., m≫ p, ωk, ω0. Then we can expand F
(1)
λ (ω+) to the
first order of 1/m and sum the expanded expressions over
the polarisations λ to obtain,
∑
λ
F
(1)
λ (ω+) = 1−h
2
z+
[(
h2x + h
2
y
)
ω+ − 2phx
]
/m. (10)
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FIG. 2. The correction to the spontaneous emission rate in unit of Γ0ω0/m as a function of Z for the dipole transition moment
in z, y, x-direction, respectively.
Here the relation
∑
λ(ekλ)i(ekλ)
∗
j = δij − hihj is used.
By substituting Eq. (10) into Eq. (9) and then taking
integration over the solid angle in the first order approx-
imation of 1/m, we derive the decay rate
Γ = Γbz −
3Γ0ω0
2m
(
1 +
sinZ
Z
)
, (11)
where Γbz = Γ0
(
1− 3Z cosZ−sinZ
Z3
)
gives the spontaneous
decay rate of a fixed atom with z-direction dipole tran-
sition moment in the presence of the boundary [1]. Here
Γ0 = ω
3
0d
2/(3piε0) is the decay rate of an atom fixed in
free space. Z is a dimensionless parameter, which reads
Z = 2zω0. (12)
The second term, i.e., Γct = −
3Γ0ω0
2m
(
1 + sinZ
Z
)
, in
Eq. (11) is the correction to the decay rate, which in-
cludes the contributions from both the Ro¨ntgen term and
the recoil of the emitted photon. It is interesting to no-
tice that such contributions from the two terms hold the
additivity. If there is only the Ro¨ntgen term that is in-
volved in the calculation, and with the same procedure,
we find that the correction to the decay rate is
ΓcR = Γbzω0/m, (13)
which gives the positive contribution to the decay rate
[see Fig. 2(a)]. Nevertheless, if we only consider the recoil
effect, the correction to the decay rate is
Γcr =
Γ0ω0
m
[
−
5
2
+ 3
2Z cosZ − (Z2 + 2) sinZ
2Z3
]
, (14)
which gives the negative contribution to the decay rate.
It can be found that Γct = ΓcR + Γcr, showing that the
summation between the Ro¨ntgen term induced correction
and the recoil effect induced correction leads to the total
correction to the spontaneous decay rate.
Note that since the Eq. (11) is obtained by expanding
the integrand in Eq. (9) to first order in 1/m, there is the
constraint o(m2)Z2/m2 ≪ 1, i.e., Z can not be extended
to infinity and our approximate results are only valid
when the atom is near the plate.
We have discussed the case of the moving atom near
the boundary with the dipole transition moment along
the z-direction. Next, we consider cases with the dipole
along the y-direction and x-direction, separately. By set-
ting the dipole along the y-direction, i.e., d = (0, d, 0), we
have the equality: 〈f |Pˆ·[Bˆ(r, t)×d]+[Bˆ(r, t)×d]·Pˆ|i〉 =
−d〈f |2Bˆ−z p− i∂xBˆ
−
z + i∂zBˆ
−
x |i〉. We therefore can derive
the decay rate as
Γ = 2pid2
∑
kλ
ε2kF
(2)
λ (ωk)δ(ω0 − ωk + kxv) sin
2(kzz)
= Γby −
3Γ0ω0
2m
(
1−
cosZ
2
−
sinZ
2Z
)
, (15)
where F
(2)
λ (ωk) = |(ekλ)y − (p − hxωk/2)(h ×
ekλ)z/m − hzωk(h × ekλ)x/(2m)|
2 and Γby =
Γ0
[
1− 3Z cosZ+(Z
2−1) sinZ
2Z3
]
gives the spontaneous decay
rate of a fixed atom with the dipole transition moment
along the y-direction in the presence of the plate [1]. Here∑
λ F
(2)
λ (ωk) = 1−h
2
y+
[(
h2x + h
2
z
)
ωk − 2phx
]
/m is used.
The second term, i.e., Γct = −
3Γ0ω0
2m
(
1− cosZ2 −
sinZ
2Z
)
,
in Eq. (15) is the correction to the spontaneous decay
rate. If we only consider the Ro¨ntgen term, it will be
reduced to
ΓcR = Γbyω0/m, (16)
and if we only consider the recoil effect, it will become
Γcr =
Γ0ω0
m
[
−
5
2
+
3
4
(
Z2 + 2
Z2
cosZ +
3Z2 − 2
Z3
sinZ
)]
.
(17)
Similarly, we find that the Ro¨ntgen term-induced cor-
rection and the recoil-induced correction can be simply
added to obtain the total correction to the spontaneous
decay rate in this case [see Fig. 2(b)]. Moreover, we can
see that the recoil effect also decreases the decay rate,
while the Ro¨ntgen term increases the decay rate.
As for the dipole transition moment d = (d, 0, 0)
is along the direction of motion (x-direction), 〈f |Pˆ ·
[Bˆ(r, t)×d]+[Bˆ(r, t)×d]·Pˆ|i〉 = d〈f |−i∂yBˆ
−
z +i∂zBˆ
−
y |i〉.
4The resulted spontaneous decay rate is
Γ = 2pid2
∑
kλ
ε2kF
(3)
λ (ωk)δ(ω0 − ωk + kxv) sin
2(kzz)
= Γbx −
3Γ0ω0
2m
(
1−
cosZ
2
−
sinZ
2Z
)
, (18)
where F
(3)
λ (ωk) = |(ekλ)x − hyωk(h × ekλ)z/(2m) +
hzωk(h × ekλ)y/(2m)|
2 and Γbx = Γby. Here we have
used
∑
λ F
(3)
λ (ωk) = 1 − h
2
x +
(
h2y + h
2
z
)
ωk/m. We plot
the corresponding corrections for the case of the dipole
along the x-direction in Fig. 2(c), which show the same
features as those in Fig. 2(b) with the dipole along the
y-direction. One notices that, when the dipole transition
moment is parallel to the plate, the emission rate of the
atom (fixed or not) are the same. Besides, we can find
that the recoil-induced and the Ro¨ntgen term-induced
correction are the same with the ones when the dipole
transition moment is in y-direction [see Fig. 2(c)]. Thus,
the motion does not break the symmetry of the sponta-
neous emission rate for atom with the dipole in a plane
parallel to the boundary.
In conclusion, we study the spontaneous emission rate
of a moving atom near an infinitely perfectly-conducting
plate. Different directions of the dipole moment of the
atom have been considered. The corrections from the
Ro¨ntgen term and the recoil effect have been explored.
It has been found that the total correction holds the ad-
ditivity from individual contributions. The individual
contributions induced solely by the Ro¨ntgen term and
the recoil effect are positive and negative, respectively.
Moreover, it is interesting to note that the motion of atom
does not break the equality of the spontaneous emission
rate for the dipole in different directions but in the same
plane parallel to the plate. Our work points towards in-
teresting physics in quantum optics associated with the
light-matter interaction for moving atoms in the future.
A.Z. would like to thank L. Yuan for revising this pa-
per.
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